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INTRODUCTION

IN MANY practical heat-transfer applications, the surface
from which heat is being transferred is non-isothermal.
However, most heat-transfer correlations available, due
either to analysis or experiment, strictly apply for the
uniform wall-temperature condition. Theoretical studies
of heat transfer from non-isothermal surfaces in laminar
free convection [1-3] for fluids with Prandtl numbers
near unity, i.e. gases, have shown that the application
of heat-transfer coefficients determined for uniform wall
temperature conditions to variable wall-temperature
situations can lead to significant errors in heat-transfer
calculations. The purpose of this investigation is to study
the non-isothermal wall problem in laminar free convec-
tion for low Prandtl number fluids. Axisymmetric flow
about a vertical right circular cone with a power-law
wall-temperature distribution was chosen for study. As
shown in [3], the boundary-layer equaticns admit to a
similarity transformation for this situation. Numerical
solutions of the transformed boundary-layer equations
have been obtained for Prandtl numbers typical of gases
and liquid metals as well as for an inviscid fluid. Heat-
transfer results for the isothermal cone have been reported
[3-5] for gases.

FORMULATION AND SOLUTION
The boundary-layer equations are given and discussed
in [3] where it was shown that a similarity transformation
exists for wall temperature distributions

(Tw — Ty) = (To — To)x™

The same notation is used as in reference 3. It is ad-
vantageous to utilize slightly altered variables from those
in [3] for low Prandtl number fluid heat-transfer studies.
Thus, introducing { and f() related to the corresponding
variables % and F(») in [3] by

L=V (Pryn, f())=+(Pr)F(n) @

the transformed boundary-layer equatic ns and boundary
conditions {equations (33), (34), and (15) of [3]} become
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The primes in equations (2-4) denote differentiation
with respect to {. In this form the contribution of the
term representing viscous forces (f’’’) in equation (2)
becomes small as Prandtl number decreases. Thus, as the
Prandtl number approaches zero, the fluid behavior
approaches that of an inviscid fluid with the buoyancy
force just balanced by the inertia force. For Pr =0,
that is, free convection in an inviscid fluid, the require-
ment of no slip at the wall [ f/(0) = 0] is no longer im-
posed. Le Fevre [6] obtained a result analogous to
equation (2) with Pr =0 in an investigation of the
limiting value of heat transfer for a vertical isothermal
plate.

Numerical sclutions of equations (2) and (3) with
the bcundary conditions (4) have been obtained for
Prandtl numbers of 0-001, 0-003, 0-01, 0-03, 0-1, 0-7, and
1-0 for the following values of n: 8, 4, 2, 1, 0-2, 0, —0-5.
Solutions for an inviscid fluid (Pr = 0) for identical n
values have also been determined. Table 1 lists the initial
values £”/(0) and #(0) for the solutions obtained. These
initial values are related to the friction drag and heat
transfer.

RESULTS

Local Nusselt number

Introducing the altered variable of equation (1) into
equation (43) of reference 3 results in the following
expression for the local Nusselt number

Nux
(Grx Pr3)t

Values of 6’(0) are given in Table 1 and were used to
construct Figs. 1 and 2. In Fig. 1, this heat-transfer
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Table 1. Dimensionless velocity and temperature derivatives at the wall
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0 0001 0003 001
n \\ =0 —0(0) S0 —0(0) (0 — 00 £7(0) —6(0)
—05 4799 0-5920 56:03 0-5863 30-51 0-5780 15-36 0-5667
0 13-17 0-7916 47-96 0-7803 2645 0-7669 13-55 0-7475
02 9-011 0-8567 45-52 0-8423 25-29 0-8280 1301 0-8058
1-0 3-251 1-063 39-37 1-037 2207 1-020 11-48 0-9886
2:0 1-728 1-245 34-98 1-210 1970 1-189 10-31 1-149
40 1-032 1-491 30-23 1-444 17.08 1416 8-987 1-364
80 0-7236 1-792 2573 1-733 14-56 1-696 7-684 1-629
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Fic. 1. Effect of Prandtl number on heat transfer for various n values.
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FiG. 2. Effect of n on heat transfer at low Prandtl number.

parameter is shown for the Prandtl number range
10-3 to 1-0 with n taking on values from —0-5 to 8.
The inviscid fluid results are given along the ordinate at
the lowest value of Prandtl number in the figure. These
solutions provide reasonably accurate local Nusselt
number values for liquid metals. For example, at
Pr = 0-03, the inviscid fluid results are 10 and 17 per cent
higher than the corresponding boundary-layer results
for n = 0 and 8 respectively. These discrepancies reduce
to 3 and 6 per cent at Pr = 0-003. In Fig. 2 emphasis is
given to the dependence of the dimensionless local heat-
transfer relation of equation (5) on n with Prandtl
number as a parameter. For positive and increasing
values of n, the local Nusselt number expression shows
substantial increases above that of the isothermal wall at
a specified Prandtl number with the extent of this
difference increasing as the Prandtl number decreases.
Also apparent from this figure is the zero value for heat
transfer when n = —7/5 independent of the value of
Prandtl number. This result may be verified by inspection
of equation (3).

It is of considerable practical interest to inquire as to
how well the local heat flux for the non-isothermal wall
condition can be predicted by the local application of
isothermal wall results. In situations where heat-transfer
coefficients for variable wall temperature are not avail-
able, calculations of local wall heat flux, in all likelihood,

would proceed on the basis of heat-transfer coefficients
determined for isothermal wall conditions and the local
wall to ambient temperature difference. Denoting results
obtained in this manner as giso, the ratio of the local
heat-flux value for the variable wall temperature situation
Qvar tO Giso 1S given by

gvar __ [—0O0)]n
giso [00)]n -0

Gvar =

6

where [— 0'(0)], represents the dimensionless temperature
derivative at { = 0 for a particular » and [—6'(0)]n-0
denotes a similar derivative for the isothermal case.
The results obtained in this manner are shown in Fig. 3
for representative values of Prandtl number from
0 to 1-0. Again, in agreement with other investigators,
large errors in local heat flux predictions may be incurred
by the local application of heat-transfer coeflicients
determined for isothermal wall conditions for fluids
with Prandt] number near unity; i.e. for gases. The use
of such procedures for fluids in the liquid metal range is
even less satisfactory.

Mean Nusselt number
Introducing the variables of equation (1) into equation
(48) of reference 3 gives
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Fi1G. 3. Ratio of local heat fluxes and overall heat transfer.
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for n > —7/5. According to equations (6) and (7) the
ordinates of Figs. 1 and 2 may also be interpreted as

(Sn + z) Nuz,
8 /(GroProjt

Also of interest is the accuracy to which total heat
transfer for variable wall temperature ccnditions may be
predicted by the application of overall heat-transfer
coefficients determined for the isothermal wall. Letting
Qiso denote the total heat transfer evaluated on the basis
of an isothermal wall heat-transfer coefficient, we may
write

Qiso = hiso A(Te — To) )

where A is the cone lateral surface area and 7o — T
is some characteristic temperature difference for the
variable wall temperature situation which is also used
for the evaluation of Grr. With the definition of 4 from
equation (47) of reference 3, the ratio of the total heat
transfer for variable wall temperature Qvar to that given
by equation (8) is

Qy_*“:( 7
Ciso Sn+7

) g (Z:2). ©

giso

where

(109

s = (=)

Thus, the ordinate of Fig. 3 may also be interpreted as

o (™) s

é(n)’

The choice of a characteristic temperature difference,
T, — Ty, for the variable temperature wall conditions
is quite arbitrary. One choice which comes to mind
because of the definition of % is to use the temperature
difference at X = L, thatis T, — T, = To — T. For
this selection ¢(n) = 1 and the total heat transfer cal-
culated on the basis of equation (8) is overestimated
for n > 0 and underestimated for » < 0. As an example
of magnitude of this error, the heat transfer is only
sixty-three per cent of that predicted by Qiso for n =2
and Prandtl number 0-01. Even larger inaccuracies occur
for larger n values and higher Prandt! numbers.

A second choice for the characteristic temperature
difference suggested by simplicity is the mean surface
temperature difference. For this selection ¢(n) =
(n + 1)54 and thus heat transfer is underestimated for
n > 0 and overestimated for n < 0. For the same vaiues
of n and Prandtl number discussed above, the total heat
transfer is almost 2-5 times that calculated by equation
(8). Again, the errors increase with increasing departure
from isothermal wall temperature conditions. No simple
method of choosing the characteristic temperature
difference has been found which will lead to accurate
predictions of total heat-transfer rates for variable wall
temperature conditions by the use of average heat-
transfer coefficients for the isothermal wall.



SHORTER COMMUNICATION 1337

REFERENCES
1. E. M. Searrow and J. L. GREGG, Similar solutions

4. W. H. Braun, S. OstracH and J. E. HEIGHWAY,
Free convection similarity flows about two-dimenssional

for free convection from a non-isothermal plate,
Trans. Amer. Soc. Mech. Engrs 80, 397 (1958).

. J.C.Y. KoH and J. F. Price, Laminar free convection
from a non-isothermal cylinder, J. Heat Transfer 87,
237-242 (1965).

. R. G. HErING and R. J. GrosH, Laminar free convec-
tion from a non-isothermal cone, Int. J. Heat Mass
Transfer 5, 1059 (1962).

and axisymmetric bodies with closed lower ends,
Int. J. Heat Mass Transfer 2, 121 (1961).

. W. H. Braun and J. E. HEIGHWAY, An integral

method for natural convection flows at high and low
Prandtl number, NASA TN D-292 (1960).

. E. J. Le Fevre, Laminar free convection from a

vertical plane surface, Proc. 9th Int. Congr. Appl.
Mech., p. 168 (1956).



